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1. INTRODUCTION 
The classical Euler-Bernoulli (E-B) beam is developed based on the assumption that the stress at a point is a 
function of the strain at that only point and the deflection is accompanied with infinitesimal strain and small 
rotation. However, as structural dimensions become smaller to the lattice constant of the materials, nonlocal 
elastic effects become significant and must be accounted for to render accurate predictions. Further, slender 
structures such as nanowires, nanotubes and so on, may experience large deflection and a nonlinear setting 
should be adopted. In this work, we combine the nonlocal theory of Eringen [1, 2] into the E-B beam bending 
together with nonlinear kinematics [3]. We briefly present the derivation and key equations of this nonlinear-
nonlocal ሺ ଶܰሻ beam theory and investigate the role of nonlinearity and nonlocality for simply supported nano-
scaled beams.  
2. GOVERNING EQUATIONS FOR ࡺ૛ E-B BEAMS 
2.1 Nonlinear E-B beam theory:   
The fundamental kinematic assumption of the E-B beam lying in the ݔ െ ݖ plane is that the 
displacements ሺݑ, ݒ, ݓሻ, respectively in the ሺݔ, ݕ, ݖሻ directions are 
 ݑ ሺݔ, ݖሻ ൌ ݑ଴ െ ݖ ߲ݓ߲ݔ ; ݒ ൌ 0; ݓ ൌ ݓሺݔሻ     
(1)  
where  ݑ଴ and w are the axial and transverse displacement on the mid-plane (ݖ ൌ 0). The von Karman nonlinear 
in-plane strain ߝ௫௫ at any position along the ݖ axis is 
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where ߝ௫௫଴ is the nonlinear extensional strain and ߢ is the beam curvature at its neutral axis. It is common in the E-
B theory to write integral forms of stresses and the following stress resultants are used through the report 
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  (3)  
where ߪ௫௫ is only non-zero the normal stress, and ܰ and ܯ are the corresponding stress resultants. The principle 
of virtual displacement has the form 
 ߜܹ ൌ ߜ ூܹ ൅ ߜ ாܹ ൌ 0  (4)  
 
where ߜ ூܹ and  ߜ ாܹ are the virtual works due to the internal force and external forces. Explicitly,  
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(5)  
where ܝ and ઼ܝ are the real and virtual displacement vectors, ો is the Cauchy stress tensor, ઼ઽ is the virtual 
nonlinear strain tensor, ߩ is the mass density of the beam, ࢌand ܜ are body force per unit volume and surface 
traction vectors. Substituting Eqs. (2) and (3) into Eq. (5) we obtain the following equation for E-B beams 
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(6)  
Under quasi-static conditions, we may ignore the inertial contributions and obtain the following Euler equations 
 ܰᇱ ൅ ݂ ൌ 0 (7)  
 ܯᇱᇱ ൅ ሺܰݓᇱሻᇱ ൅ ݍ ൌ 0 (8)  
where the number of over-primes indicates the order of partial differentiation with respect to ݔ. Note that Eqs. (7) 
and (8) can be applied for both local and nonlocal theories alike.  
2.2 Eringen’s Nonlocal theory with nonlinear kinematics: In Eringen’s linear, nonlocal theory [1], the 
normal stress and its stress resultants are related to the corresponding strain via 
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(11)  
where ߤ ൌ ሺ݁଴ܮ௜ሻଶ is the nonlocal parameter comprising a material constant ݁଴ and an internal characteristic 
length ܮ௜ that signifies the extent of nonlocality. Substituting Eq. (7) into Eq. (10), we obtain 
 ܰ ൌ െߤ݂ᇱ ൅ ܧܣ ൬ݑᇱ ൅ 12 ሺݓ
ᇱሻଶ൰  (12)  
and substituting the equation of displacement in axial direction 
 ܧܣ ൬ݑᇱ ൅ 12 ሺݓ
ᇱሻଶ൰
ᇱ
െ ߤ݂ᇱ ൅ ݂ ൌ 0 (13)  
Similarly from the bending moment ܯ, we obtain the equation of displacement in transverse direction 
 െߤݍ′′ ൅ ݍ െ ܧܫݓ′′′′ െ ߤሾܰݓᇱሿ′′′ ൅ ሾܰݓᇱሿ′ ൌ 0 (14)  
Equations (13) and (14 ) involve significant complications and we simplify them here by making a few 
assumptions. First, assuming ݂ ൌ 0, the terms  ሾܰݓᇱሿᇱ  and  ሾܰݓᇱሿᇱᇱᇱ can be expanded as 
 ሾܰݓᇱሿᇱ ൌ ܧܣ ൤ݑᇱݓᇱ ൅ 12 ሺݓ
ᇱሻଷ൨
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ᇱᇱሺݓᇱሻଶሿ (15)  
 ሾܰݓᇱሿᇱᇱᇱ ൌ ܧܣሾݑᇱᇱᇱᇱݓᇱ ൅ 3ݑᇱᇱᇱݓᇱᇱ ൅ 3ݑᇱᇱݓᇱᇱᇱ ൅ ݓᇱᇱᇱᇱݑᇱ ൅ 9ݓᇱݓᇱᇱݓᇱᇱᇱ ൅ 3ሺݓᇱᇱሻଷ ൅ 32 ሺݓ
ᇱሻଶݓ′′′′ (16)  
Further, ignoring the coupling between the derivatives of  ݑ and ݓ from Eq. (15) and (16), we obtain  
 ሾܰݓᇱሿᇱ ൌ 3ܧܣ2 ሾݓ
ᇱᇱሺݓᇱሻଶሿ (17)  
  
 ሾܰݓᇱሿᇱᇱᇱ ൌ ܧܣሾ9ݓᇱݓᇱᇱݓᇱᇱᇱ ൅ 3ሺݓᇱᇱሻଷ ൅ 32 ሺݓ
ᇱሻଶݓᇱᇱᇱᇱ     (18)  
Then, the governing equation describing the nonlinear-nonlocal ሺ ଶܰሻ beam bending becomes 
 െߤݍᇱᇱᇣᇤᇥ
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ᇱሻଶ ݓᇱᇱᇱᇱ൰ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
௡௢௡௟௢௖௔௟ି௡௢௡௟௜௡௘௔௥
ൌ 0 (19) 
3. Numerical Results and Discussion 
The governing equation (Eq. 19) derived above can be solved numerically in order to investigate the 
behavior of E-B beams under various displacement and load boundary conditions. In this work, we consider a 
simply supported beam under a uniformly distributed load ݍ. The kinematic b.c.’s at the supports are as follows 
 ݓ ሺݔ ൌ 0ሻ ൌ ݓሺݔ ൌ ݈ሻ ൌ 0  (20)  
 ݓᇱᇱ ሺݔ ൌ 0ሻ ൌ ݓᇱᇱ ሺݔ ൌ ݈ሻ ൌ ߤܧܫ ൬ݍ ൅
3
2ܧܣ ሾݓ
ᇱᇱ ሺݓᇱሻଶሿ൰      (21)  
Note that Eq. (21) involves a highly nonlinear b.c. We choose to simplify this by ignoring the second term in 
the bracket on the right hand side of the equation.  
The material and geometric parameters chosen for computational purposes are   
E= 1000GPa;  Li  = 1 (nm);       L =15 (nm);          Aspect ratio=10; 
These parameters are consistent with those typically adopted in the analysis of carbon nanotubes. For 
comparison, we analyze four cases: (a) Local-linear ሺܮଶሻ, (b) nonlocal-linear ሺܰ െ ܮሻ, (c) local-nonlinear ሺܮ െ
ܰሻ and (d) Nonlocal-nonlinear ሺ ଶܰሻ.3 
Figure 1 shows the relationship between the normalized maximum deflection ݓ௠௔௫ and normalized applied 
loading for a fixed ߤfor the four cases. As expected, the linear theories ሺܮଶ ܽ݊݀ ܰ െ ܮሻ predict linearly 
increasing ݓ௠௔௫. The nonlocality tends to increase the beam deflection with increasing ݍ. In other words, in the 
presence of the nonlocal effect the beam appears to be elastically softer in bending for the same ݍ. If the 
nonlinear effect is retained the beam deflections are much smaller than their linear counterparts, irrespective of 
whether or not the nonlocal behavior is accounted for. This is because the presence of nonlinear strain term 
provides an additional stiffening mechanism against deflection. Interestingly, even in the presence of the 
nonlinearity the nonlocal effect gives a higher ݓ௠௔௫ for a given ݍ compared to the local theory. These basic 
results bring to the fore a couple of interesting aspects. Firstly, as shown in the graph, the difference between 
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nonlocal theories and local theories is significant within the context of the internal length-scale. This difference 
cannot be ignored when one has to deal with nanostructures. Secondly, the effect of nonlocal theory is to 
increase the overall deflection, whereas the nonlinear theory tends to decrease it. This latter aspect creates a 
competition between the stiffening and softening mechanisms in elastic beam bending.  
 
 
Figure 1 Plot of the normalized maximum deflection versus normalized applied load ሺߤ ൌ 1 ݊݉ଶሻ. 
 
To the best of our knowledge, there are no results available that include both nonlinear and nonlocal 
effects in beam bending. However, we have compared the degenerate N-L case (Fig. 1, blue curve) with  those 
provided by [4] and they match exactly.  
 
Figure 2  Effect of material constant ݁଴ on the maximum deflection for the  ଶܰ case. 
As shown in Fig. 2, increasing ݁଴ (higher nonlocality) increases the deflection. Therefore, we predict that at 
some combination of ݁଴ and ݍ the competition between nonlinearity and nonlocality may reach saturation, 
beyond which one effect will dominate the other. In other words, at higher nonlocality the nonlinear effect may 
diminish and vice-versa.  Figure 3 proves such a behavior in that a larger nonlocal parameter is chosen for the 
problem. For these values, the  ଶܰ result nearly mimics the ܮଶ result indicating that the nonlocal and nonlinear 
effects tend to largely compensate each other.  
  
 
Figure 3 Plot of the normalized maximum deflection versus normalized applied load ሺߤ ൌ 9 ݊݉ଶሻ. 
4. CONCLUSIONS 
In conclusion, we have investigated the coupled nonlinear-nonlocal elastic behavior of Euler-Bernoulli 
beams. The governing equation is simplified by ignoring some of the complicated coupling terms. Although, this 
introduces approximations, it renders a useful way of investigations without significant numerical difficulties. 
The roles of ignored terms should be assessed. Such a formulation can also be extended to nonlinear vibration by 
accounting for inertia. For the particular problem of a simply supported beam subjected to uniform loading, a 
significant result is that the nonlocal and nonlinear effects oppose each other and modulate the overall behavior. 
Nonlocality assists beam deflection, but nonlinearity resists it. At critical values of nonlocal parameters the 
nonlinear behavior may be largely compensated by nonlocal effects.  
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